An edge cut of a connected graph is 4-restricted if it disconnects this graph with each component having order at least four. The size of minimum 4-restricted edge cuts of graph G is called its 4-restricted edge connectivity and is denoted by 4 (G). Let
Introduction
If not explicitly stated, all graphs considered in this paper are simple and connected with order at least eight. When studying network reliability, one often considers such a kind of model whose nodes never fail but links (edges) fail independently of each other with sufficiently small equal probability p, which is often called Moore-Shannon network model [8, 9] . Let M be a Moore-Shannon network model, denote by C h the number of its edge cuts of size h. If M contains exactly e links, then its reliability, the probability it remains connected, can be expressed as
If one can determine all the coefficients C h , he determines the reliability. But unfortunately, Provan shows in [13] that it is NP-hard to determine all these coefficients. Bauer introduces the concept super edge connectivity in [1] and determines the first (M) coefficients, where (M) is the edge connectivity of M. In order to estimate more precisely the reliability, Esfahanian introduces such a kind of edge cut in [4] that separates a connected graph into a disconnected one without isolated vertices. With the properties of restricted edge connectivity, Li analyzed the reliability of circulant graphs in [5] and improved Bauer's result. For more accurate results, we introduce the concepts m-restricted edge cut and m-restricted edge connectivity in [10, 12] . Definition 1.1. An m-restricted edge cut is an edge cut of a connected graph that disconnects this graph with each component having order at least m. The size of minimum m-restricted edge cuts of graph G is called its m-restricted edge connectivity.
We denote by m (G) the m-restricted edge connectivity of graph G and simplify m (G) as m if no danger of confusion occurs. This method is also employed to deal with other symbols. It is worth noting that not all connected graphs contain m-restricted edge cut, the star K 1,n is a simplest counterexample. An evident necessary condition for a graph G to contain m-restricted edge cuts is |G| 2m. A sufficient and necessary condition for the existence of m-restricted edge cut can be found in [12] . As was pointed out by Li, those networks that have greater 2-restricted edge connectivity are more locally reliable under some reasonable conditions, namely there exists some positive real number p 0 < 1 such that for any positive real number p p 0 networks with greater 2-restricted edge connectivity usually have greater reliability. With 3-restricted edge connectivity, Meng in [7] and Wang in [14] determined the first 3 − 1 coefficients, whose results show that networks with greater 3-restricted edge connectivity are usually more locally reliable if their topologies are regular graphs. All these methods mentioned above fail to work when comparing the reliability of networks that have equal m-restricted edge connectivity and the same number of minimum m-restricted edge cuts for all m 3. To deal with this problem, one naturally turns to m-restricted edge connectivity with m 4, but this seems much more difficult than the cases where m 3. Recently we have characterized the existence of 4-restricted edge cut in [11] . In this paper, we present an upper bound on 4-restricted edge connectivity, as Theorem 3.1 shows, this bound is sharp with the exception of a few trivial cases.
For a subset F of V (G) or a subgraph F of G, G\F indicates the graph obtained by removing the vertices of F from G. Let j(F ) stand for the number of edges with exactly one endpoint in F. Define m (G)= min {j(F ) : F is a connected vertex-induced subgraph of order m of graph G}, which is shown to be a sharp bound on m (G) when m 3 [2, 4] . In this paper, we first present the following: Theorem 3.1. Let G be a connected graph of order at least 11. If G contains 4-restricted edge cuts, then 4 (G) 4 
(G).
A few graphs of order less than 10 that violate this bound are presented at the end of Section 3. On the other hand, we prove that the bound in Theorem 3.1 is tight by presenting in Theorem 4.6 an infinite family of maximally 4-restricted edge connected graphs, that is, graphs with 4 (G) = 4 (G). Other examples are given in [6] . A graph G is vertextransitive if, for any two vertices u, v ∈ V (G), there is an automorphism ∈ Aut(G) such that (u) = v, where Aut(G) is the automorphism group of graph G. In Section 4, we present the following: 
An auxiliary lemma
For a minimum 4-restricted edge cut S of graph G, G − S contains exactly two connected components, both of which are called 4-restricted fragments of G corresponding to S. This simple observation is very useful in the following proof and play an important role in Section 4. 
are not contained in S, and so we deduce that
This contradiction shows that [X\A, B] = ∅.
If there is at least one edge between each component of X\A and B, since B is connected, G\F would contain a component of order at least |G| − |F | − |H | 11 − 7 = 4. This contradiction implies that there is at least one component
This contradiction establishes Claim 1. 
Claim 2. If H is a component of
Hence, B\v is connected. On the other hand, we have
which implies that |[B\v, X\A]| 1. These two observations show that X\A contains at least two components since the subgraph induced by the union of B\v and X\A must be disconnected. If there is a component
This contradiction shows that X\A consists of isolated vertices that has neighbors in B each. Combining this observation with the assumption that G\F contains no components of order at least 4, we conclude that there are two components in B and |[B, F \u]| 2.
Since vertex v has at most two neighbors in B, it follows that 4 .This contradiction confirms Claim 3.
Claim 4. Let v be an isolated vertex in X\u, then v has at most one neighbor in B. Furthermore, if x ∈ N(v) ∩ V (B) then x is an isolated vertex in B.
For the first part, let us suppose that v has two neighbors x and y in B. Considering that G\F contains no components of order more than 3, we deduce that neither x nor y has neighbors in X\u other than v, and that either x and y form a component of B or x and y are two isolated vertices in B. Let w be a neighbor of {x, y} in F \u. This contradiction shows that our hypothesis |X ∩ F | = 1 is not true. Lemma 2.1 follows.
Bound on 4-restricted edge connectivity Theorem 3.1. Let G be a connected graph with |G| 11. If G contains 4-restricted edge cuts, then 4 (G) 4 (G).
Proof. Suppose by contradiction that 4 4 + 1. Let F be a connected vertex-induced subgraph of order 4 with j(F ) = 4 , let S be a minimum 4-restricted edge cut with X and Y being the two corresponding 4-restricted fragments. By Lemma 2.1, we may assume that F ∩ X = {u, v} and F ∩ Y = {x, y}. The following first five claims are properties of X, which are also satisfied by Y according to the symmetry of X and Y. With these properties, we derive a contradiction to complete the proof. Remark. Let H, Q be two arbitrary connected graphs of order two or three, and K be a complete graph on four vertices. Add two independent edges to join H and Q to K. Let G be the obtained graph. Then 4 (G) = j(K) = 2 but 4 (G) = 3, which implies that the restriction on the order of graphs in Theorem 3.1 is necessary.
Maximal 4-restricted edge connectivity of vertex transitive graphs
Let G be a connected k-regular vertex-transitive graph of girth at least 5 and k 4 and, F be one of its connected vertex induced subgraph of order 4. Then G\F contains no components of order less than 4 since G has girth at least 5, which means that G contains 4-restricted edge cuts. Furthermore, G has at least k 2 + 1 17 vertices, by Theorem 3.1 we have 4 (G) 4 (G) = j(F ) = 4k − 6. In this section, we shall prove that connected k-regular vertex-transitive graphs of girth at least 5 are all maximally 4-restricted edge connected, namely 4 
Recall that 4-restricted fragments, or simply fragments, are connected vertex-induced subgraphs of order at least 4 that result from the removal of a minimum 4-restricted edge cut. These fragments appear in pairs, if X denotes one fragment then X c indicates the other fragment appearing together with X. We describe a fragment and its vertex set with the same symbol if it is easily to understand what it stands for. Fragments with least vertices are atoms, which contain no fragments as its subgraphs. Lemma 4.1 (Mader [6] ). A connected k-regular vertex-transitive graph is k-edge connected. [15] ). Let G be a connected k-regular vertex-transitive graph of order at least 4. If G is triangle-free, then 2 And so, both A and D are fragments, this result remains true if D is connected. Now we see that A is an atom with fewer vertices than atom X, which is a contradiction.
Lemma 4.2 (Xu and Xu
Case 2: |A| 3. In this case, we have |B| = |C| 4. By similar discussion employed in Case 1, one can show with ease that both B and C are fragments with order less than |X|. This contradiction completes our proof. Proof. Let u and v be two arbitrary vertices of X. Let be an automorphism of G such that (u)=v. Then X ∩ (X) = ∅. By Lemma 4.4, we have (X) = X, which implies that the restriction of on X is an automorphism of X. Therefore X is vertex-transitive.
Assume that X is r-regular. Since X is triangle-free, it follows that k|X| − (4k − 7) k|X| − 4 = k|X| − j(X) = 2|E(X)| |X| 2 /2 ⇐ ⇒(|X| − 2k + 4)(|X| − 4) + 2 0.
Recalling that |X| 7, we deduce that |X| 2k − 4, which implies that (k − r)(2k − 4) (k − r)|X| = j(X) 4k − 7. Therefore k − r = 1 or 2, and so r = k − 1 or k − 2. This contradiction completes the proof.
